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G“Bol [3J') dealt with the d.ifferent1ation of the enclosecl volurne and the surface 
ar邑aof the paral1el serie思 ofa clo問 dconvex. snrface :in a Euclidean 3-space E3' ln 
[l1J白stablishedthe different1al formulas of the area 
oI the int日rior
Es， th企 author([ '7 J， 1: 8 added the 
cnrve of a clos記dconvex curve. In 
ones of th記 integral of mean 
curvature and the I:otal mean curvature beside8 the eEclosed volurn and the surface 
ar色aof the interiol' parallel surface of closed convex sUl'face. But ther色1spossibility 
。freexamination on the of such qUG:ntities" That 18， tJze main ./'urtoよE
t lze./'rese JZt jう{tj)eris 10 
J“ιe判げf門iω'
of the qUiwtities the whole 
1IW;! 1Z0t O?lI.Y t Jze in〆erior./'arall el serie、F
butαlso tlu exfぜrlor mυ ilz E2 1;3 
1叩 PAuaUd田eI'Ieflt.o a do昌ed(;<iJllVeX a;uI've. 
1. In a Euclid色an 日 th日 definitionof an色xter10工 parallelcurve of a closed 
conve:x curv告 canbe :tormu.latecl in various way" [11J). Among th記m，we adopt 
th一日 two follO¥ving defmitions 1 :and H: 
1" l抗告enall the !i・iles a closed COllZleX c2trve are removed ./'arallel to 
them.relve.r by tlle same dista町 e t outzCJarぬ resアιtively，t !ze bo間 dalア curveof t!ze 
uztersedzon of all the (令loud 加 ljヤuUles")'wiJichαre boumfed by the removed 
Jρhzes iμs t/ze e 
I日X" T!ze e.町xtμeツY刊r門.マ10仰rρ ρ戸t必lralleげ1ア ιω:urvぜ 必attae ιdi'必が.rta仰!lceど 可ゲ:li出zιdμ0何sedど cρJZ叫仰η叩lJぜωx cz.μ'trve is t品he
C作lit"Vど 7初iJ幼巾lic/z主is、よ e抑llVe!ρJμDぬω加eψωfη4品d主i毛かy以 F叫μdι正t!tみIa .lωぜt!i ~ゲゲミヅグf♂ Jρ'iλ刃7εω.<j' a，;， イ必l-reJ)仰う欠M川正dω仏t:Jげ爪rれ'"(叫ι
f叫he 仰lZCl，山Zム山Mげr何叩-z印yぽer吋rφr釘ctμtz'e.仇?幻!yケ i♂仰Zν附f対'UIどd どatげ lhe s川ピa兄却m少何zedij'!alZce t outuwr{ls from them. 
As i8 th記setwo definitions i and H are equlvalent to each other. 
Now， let us denote 'iNith C a closed convex curve with inner points in E2 and with 
t11e e玄teriorparallel curve at the distance t(と0)to it" When the areas and the 
of 心 and + are denoted with F(t)， U(め and.F(t + D.t)， 
uο→ムt)respectively， vve have the Steiner's formulas as follow8 [6J: 
F(t卜-1- (1) 
1) Numbers in brackets ref邑rto the references 21t the巴ndof the papeL 
2) In Ez' a negative half-piane with regard to a Gonvex set is denned as th日 half.planewhich is 
divided by a supporting line of th巴 S告tand contains the set. 
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U(t+ =U(t)+2πM (2) 
where O<t， t+Mく∞.
Hence， we have surely in O<tく開 that
F'(o= ど)， (3) 
U'(の=2π(4)
2. On the other hand， the definition of the interior parallel curve of a cIosed 
convex curve is usually formulated by replacing the word“out包lartIs"in the definition 
1 by "lnwartIs". If we dεnote with C(ーの theinterior parallel curve a1: the distanc邑
t(与の ofa closed convex curve C with radius >0) of inscribed circIe， the curve 
C( -1) can be defin色donly in the interval -r孟-t<O([2J， [11])。
Now， ifwe take up a convex polygon P with radius r(>O) of inscribed circIe， it1S 
easy to see that th巴 int邑rva1 [-r， OJ referring to the inn告rparallel curve P(t) is 
divided by a finit邑 numberof the critical values -Pi， z"= 0， 1， 2， ..… which correspond 
to the change of the form-figu問， or the characteristic function. At each subinteval 
-Piく一人一(t+d.t)三五-p叶1， the Steiner's formulas on the area and th巴 boundary
length of the interior parallel curve P( -t-M) are expressεd as foHows ([2J， [11]): 
詑(ーの
F( -t-M)=F(ーの-U(ーのM十一一言ー ベムヴ (5)
U(-tームt)=Uくーの-~(ーのM
where ~(ーの is 日qual to the boundar・ylength of th邑
(6) 
of the curve P(ーの
and called thε characteristic in the int邑rva1(-Pi，-Pi+1J. 
Here， theform-jigure is constant in each interval.li=(-P;， -pi+d， i=O， 1，2， 
Hence the characteristtン・0沼 ~(--I) is constant i均 λ.Denoting the characteristic 
function耳(←t)in fi by )ti respectively， we have frorn (5) and (6) in ・=1， 2，…〕
のー=U(-t)， (7) 
U'(ーの=](る・ (8) 
Or we have 
THEOREM L The area F( -t) the interior tarallet curve P(ー のゲ acoガvex
J仰lygonP 初 z'thradz・削 r(>O)ザ iJzscribedcircle is dz刀'erenttablein [ー へ OJ，but the 
bountIary length U(ーの i.rone-si・detItIzffereJztiable at each critical vallfe -pi' iニ 1，
U-'( ρ =)['-1' U.ぷ(-pβ=lt i • (9) 
Next， in case of a closed convex curve C， itis easy to see that the interior parallel 
curve C(← t) can be deft田 dover the interval -r三一→三oand the characteristic function 
l!( -t) of C(ーの canbe deftned as wel1 as the area の andthe boundary 
U(ー の.In this case， /t(ーの isa1so a monotone decreasing Iunction but it is not always 
a step function. For example， taking a sector with central angle く8<π)，if we 
define its interior parallel curve C(ーの，-r手-t三0，th告 characteristicfunction lt(ーの
of C( -t) is monotone and its d巴rivativel!て←t)is not zero. That any valu官 of
parameter in ーに玉←t<Ois always the critical valu記 it団関lf. Hence， by virtue of (9) 
3) It is ci:rcumscribed to a unit circle and邑achof tangent邑 toit is parallel to the corresponding 
one to the curve C(t). 
Parallel series to a closed convex curve and surface 
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we can say that the品。閥均rylength of the interior tarallel curve of a sector is one.sided 
di厄刀乍νrentiaβfμeextμenゐdin勾8 ロ仰ve昨r t.幼hewhole z.nterval -r三-1三五O.On the other hand， itis 
easy to see that formula (7) holds for the present case. 
After al， since we can say that the interval of the interior parallel curves of a closed 
convex curve contains， in generall， a set of subintervals in which ~'(t) is constantly zero 
and another set of ones in which どくの isnot constantly zero. 
Therefore， THEOREM 1 holds for the case of a closed convex surface， too. 
Here， we can easily see that the ejjective suttorting !t'・nesof a closed convex curve 
Cjらrthe definitionザ theinteri・ortarallel curve C(ー のか thedefinition 1 are 
!z"mi・tedto the tangents of C. Namely， we can give the following definition of the 
interior parallel curve which is equivalent to the de盆nition1 in case of the interior 
parallel curve. 
1'. When all the tangentsザ α closedconvex curve with radi・ω r(>O)グinscribed
circle are removed tarallel to themselves by the same distance t (O.<t孟r)inwards 
restectz・vely，the boundary curve of the intersection of all the closed negative haグツlanes
which are bounded by the removed li・刀esis the interior tarallel curve at the dz"stance t. 
3. Next， let us consider such a curve as is defined by replacing the word “out初ards"
in the definition II by “inwards". The so-obtained curve is not usually adopted as 
the interior parallel curve of a closed convex curve because the curve in question 
will not be convex， in fact not even a simple Jordan-curve. In spite of it， replacing 
the word “outwards" in the definition II by “inwardsぺletus adopt it as the 
definition of the interior parallel curve of a closed convex curve. It is expressed 
definitely as follows: 
II' . The interi・ortarallel curve C(ーの atthe di・stancet(ミ0)ザ aclosed convex 
curve C u defined as the curve enzJel，ザedby such a setザ allthe lz・nes勧告z"chare 
tarallel to the suttortz・勾 !ines of C restectively and lying at the same dz"stance t 
in初 ardsfrom them. 
Now， the interior parallel curve C(ーの atthe distance t of a closed convex curve 
C by the definition II' is given for any value -t inー∞く-tS;:O. Moreover， ifwe 
employ the definition II together with II'， the series of parallel curves C (t) to a 
closed convex curve C is given extending over an intervalー∞くfく∞.
Here， for the purpose of establishing the Steiner's formula:， on the quantities of 
the interior parallel curve by the definition IIにletus first take up a co 
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two side8 and A"Ak→1 of P "vhich a日 ioinedeach other at the v色rtex let 
us denote with and two outwards oriented normals on th日sides
and AkA"+l 品tAk and withιαk th告 exterior at A". Th記n，in case of the exterior 
parallel curve つ， to the vertex A" of there corresponds the arc 
of the sector of 心 whichis d記scrib記dwith 
the radius s and the central angle >0) at 
the centre On the other hand， in case of 
the interior parallel curv告 P(-1)， the arc 
ーのーの ofthe sector of P(-l) which 
i8 defined with the radius .イ(く0)and the 
centralαk at the centre 
to the vertex A k of (s閃 Fig.1)， Fig. 1 
let us defin巴 the0げ entation the curve P(ー の inthe order which pursues 
the points k= 1， 2，… and i=1，2on that 1S， Aj，l(-t)At，z(-t)Az，l(ーの
Az，z( -1)…A1，1(ー の.
Here， iti8 
P( -t) inters日ctsitself 





















which correspond resp邑 toth色 partson thεcurve P intersect eacb 
other. In any case， the domain のー whichis enclos巴d the closed curve P(ー の
is divided Into a set of the subdomainsよ)i(-t)，j=1，2，'" which are 記nclos合dby 
several s邑paratedb主anchesof のー
under thes邑 situations，1et 1.1S de:fin巴thei7Zdex z{X)出 thetopological 
inde玄 of the point X relative to the oriented closed curve の〔呂田， for instance， 
Rado [9J， That is， indicates how many times のencircles
th邑 X i1 th号 Ez.If X lies on the cur刊 P(-/)， we s思ti(X)ニ O.It is 
easy to see that the index.function takes 邑1"Sand ls thεsame 
valu色 for aH the inner X of the same sub四domain D Kーの， j=l， 2， . 
let 1S define the i7Zdex β川 ctiolt of the どか庁lazn
1Ji(-t)， j=1，2，'.' re!ative 10 tle oria山 dclosed curve P(ーの。
Then， with th邑 purpos世 ofεstablishingthe in case of the interior parallel 
S色ries{P( 心;ー ∞く-1孟O}to the Steine1"s formula for the e玄teriorone， let us 
define the 色ncloseda1'ea as fol1ows， a sub.domain D of 
D( -1)， let us denoie with the enclosed area of the domain D i( め which
is formally defined. That suchan area may be considered as the absoluet 
area of the domain のー its色lf. 1et us define the enclosed area fi(←の
of the sub.domain Di(ー の relativeto the oTIented closed curve のー bythe formula 
(-1)= i(Di(← (-1) (10) 
where i(Di(ー の)is the ind告X uI th邑 domainDi(ーの relati.ve to the oriented closed 
curve P(一ーの. Then let us 仇丘ne the si elZclosed area のー ofthe interior 
parallel curvε のー ofa convex P by the formula 
Jフ山-al!elseries to a c!osed l"Oll!ex curve and SU1:1aU! 
and the dzffero出:abi!iウザ their仰 a?的 :ties. 19 
f(-t)，=おfiぐーの (11) 
1fJ)zere tlC summation is 出‘teノuledoz.er tle a!! suみどlomail!sDi(一五)， j=l， 2，・¥
Fig. 2 
Then， it1S easy to seεthat the signed enclosed area f(ーの ofthe int色riorparallel 
curve 一-t)1s e玄pressedas follows (see Fig. 2)， 
のー=F---Ut斗π戸， 〔←閃く-t:S:O) (12) 
where F and U denote the area and the boundary length of the original polygon F 
by the ordinary deIInition respecti vely. 
On the other hand， for the purpose of establishing the formul呂 forthe bounuary 
length of the interior parallel curve P( -/)， if the arc lengths of the sectors 
Alc，)( --t)Ak，2(--t)，止=1，2，… are estimated as negative and the signerl bOlmdatア
!ellgt)z of 一五 is dεnoted with u(ーの， the analogue to th日 Steiner's formula 
(2) is expressed as follows (see Fig. 
u(ーの=U一知人 in←叩く--t.<O. (9) 
At this time， ifwe apply th日 deIInitionsoI the signed enclosed area and boundary 
length for the exterior parallel series {Pο);O:;tく口o} of a convex polygon P， we 
have dir告は f=.r乙ぉ=U and f(zつ心，つ=U(t). Then， if the whole s邑ries{P(tつ;
一回くfく∞}of the parallei curv♀ to a convex polygon P is defined by the definitions 
n and H!， w色 canobtain the Steiner's formulas for the sigl1ed enclosed area /(t) 
and the signed boundary length of the p呂rallelcurve P(t) as follows， 
f(t)ニ/十ut十πt"， (13) 
u(t)ニ μ十2πf (14) 
whereー∞<tく問。
At by the formal procedur宅eof the approximation of a closed conve:x curve C 
by a series of polygo!1s， we can prove that the steiner's formulas (13) and (14) hold 
for the signed enclosed area f(t) alld the signed boulldary length u(t) of the parallel 
curve C(t) at th邑 distal1c色 tof a closed convεx curve C inー∞くfく∞.Here， for the 
sake of brevity， let us omit the proof. 
Further， we can give easily 
THEOREM .2 For t)le signerl area alld tlle signerl bOIl1Zdary !ength oゾfんeparallel 
ntrves C(t)仰 rl 十ut)by t!ze dejuu・tz・ol.rH allrl IFイ α c!osedCOllvex czt;rve C， it 






Furth己rmore，we obtain the 
T.HEOREM 3. 許i'orthe 
c/osed C011vex curve C oy tlze 
s. OHSHiO 
different1al formulas from (15) and (16): 
a11d のぞftlze parallel curves C(t) a 





Remark. We can a1so gen母rallydefine the signed aiea of a closed curve C as 
follows. An oriented closed curve C in E2 is express邑d a representation of thε 
form 
C x= y=.y(s) 'EF 
wh記1'13r 1S th臼 unitcircle in an au玄 plane，and x(s)， are continuous 
function on r. H宮古巴， let ns define the orientation of C the counter-
clockwlse orientation on and th色 index fnnctlon as the topological ind巴玄
of the point y) relative to th母 orientedclosed cnrve C. Assnme 11εre that w11邑n
the pointょ εncircleson the (x(.r) y(心)make a circnit of th日 cnrve C and 
moreo刊 rC 1S rect拍able. Then the signed enclosed a1'ea of C is given by the 
formula 
f(C) = = 2-1.1川 (19) 
where the double integral 18 extended over the who1e and the integral is 
a Leb告sgue [10J. 
4. The w 110 1e seri色s{C(t)} of curve C(t) of a c10sed convex curve C with 
radius >0) of inscrib色dcircle is definect 11. -r<tく∞ asfoHows [2J， [3]， [l1J. 
That is， the exterior pa1'allel curve C(の(O<tく∞)is deIIned the definition 1 or 
n and the interior paraHel curve C(t) (-r<t<O) by the definition l:'. 




tlze para!!e! series ;-r三五fく∞}ザ α closed COlZZ町 curve C 
。~ the I仰 dP， the area 
g・n ← f三五fく∞，and the boundary !elぱthU(t) is 
on!y i1 eaclz i 1t erva! Ii' i = 0， 1， 2，… τ'Ulzere the characteristu 1(のお
COlZstant. 
2. ParaUel surfaces t⑪ a dosed eouvex surface. 
5. In we can give th日 de.ir;jtionof the surface of a clo8ed conv百X
surface K in like manne1' with th日 onein E 2• For the words 
“h刃e':“ andHCμrve" in the definitior:s 1， 1'， H and Il:' in case of E2 "p!a1Ze"， 
"sアace"and りωweobtain the corresponding definitions for two 
parallel surfac己s. Let us call each of th告邑O切 bt品ined the definition 1， I'，
日 or]]' for th号 parallelsurface of a closed convex surface K r日spectivel y andomi t 
to rewrite them definitely fo1' the sake of 
Let K be a c10sed convex snrface可¥vithradins r(>O) of inscribed sph日rein E30 
The 色xtεrior parallel series く∞} of K is usually formulated the 
f)aral!el ，yeries t() a closet! conz!ex' よ抑て仰liJ的 :/aa
and t/u: t!iγ'fereJZiIabi!ity Iグft!leir qztantities¥ 21 
defintion 1 or n [5， 6J， and it 1S邑asilyseen that either oI th邑 so-obtainedsurfaces 
by 1 and n is equivalent to εach other. The Steiner乍 formulason the volume 斗
the surface area S(t) and th日 integrai of meaIl curvature a町 eエpr巴ssed as 
follows ([4J， [5J): 
A守守つ=v-トS.t+A:l-ジ十万一-..t3 ， (20) 
二二S斗2A:l.!イ4π • .t 2 ， (21) 
11:(!)=AI十4πt ~2コ
where V. S， JVf are the quant的 es IC. 
6. On the other halld， the definition of the interor 記1surfaces ← t) at the 
distance t of a convex polyhedrol1 P 18 usuaHy formulated by the definition r. When 
the radius of the inscribed of P 1S >0)， the parallel surface 一五)is 
de直前donly in the interval -1'孟←f手O. 日er日.the Steiner's formulas hold only in 
the sam日 subh訪日rval.For example， if.-t and -(t→d.tつ hεlon.gto the same interval 
/三=(-p;，-p叶 lJ(zニ O，192，-…)， we have ([7J， [8J) 
1 
V(-t← = V(ー のーのut+il[グ，(-t)(ムt)2-~ lC( -t)(t:，.tY， (23) 
J 
S( -t~M)= S( -t)-2TIベ→十1I(ー のゆっ (24)
M 町一トニM ※(←t)-il(-1つムt， (25) 
=M(肝 心←ρ(-t)M (26) 
τvhere M (ー の alUIJI，;1町 a1'e the 知/t7an curvature il1Zd the total mean 
cu1'vature the interior tarallel P(ー の (lJzdρ(-t) are 
tlu total me仰 curvatureof the dlaracfe1'istic il12d t/le 1JIea1Z curz1atltre of 
the form-jigure fl(ー のーの re.ザectively，どωdwe /uwe 
目〔ーの孟fl(-t)与:4π 肉 (27) 
Moreover，昌swεproved in [8J， tlu V(ーの， S( -t)， !l1法(_.t) am!λ t) 




ニ ρ(-t). (31) 
Further， when the parameter句 - t increases from -1' to 0， the form司figur伺elJ(-
becomes smaller in size at ev記rycritical vall1e of paramet巴r.H巴ncethe cノふをh加aηract向イerμ-ist白i図C
/β}初lnc巾fμZρ例n耳κ(一fの〉 α仰ndμf1(一tの〕 必arethe 的仰o/z♂01ρM川正n宮ed，必ec何f付問r抗ea、よ¥'山、
contμ$11仰lt〆0仰usat el町yぽefワ:アyピ付1'1γtμ'icaピlv叩4αll，均ue(伝呂G帥eTHEOREM 2 in [8J). Therefore we have (see 
[8]) 
M ※ _/( -，0;)= 百(一川，
JI[_'( -，oi) = p(一向一l)>Al+'(-，oi)=μ( -Pi)' 
(32) 
(33) 
On the other hand， itfollows that t!u total mean clt1'vature M汽:ーのisdi・SCOlliillltoZls 
at criti・calvalue、f-，oi' i=1，2，'・.5)It is verified as follows. 
4) See [7J or [8J for the definition of MiliC -~.t) and wεdenoted it with JIグ(ーの in[7J. 
5) In the previous papers [7J and [8J， we treatecl the total mean curv呂tUf8M※(_-.t) as a continuous 
function in [--r， 0]. Now we have Iound out that λd*( ~-.t) is generally discontinuous at critical values. 
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That i~" when the parameter -( decreases from a eritical value -.oi+1 to th記
following critical value -pi' an edge of the int告riorparallel surface P( -t) converges 
to a v邑rtexor an edg邑 ofρρ。 Inthe latter case， an 号 Bi(-Pi) of P(-.oi) 
is the limit of either of OIie色dgeBi(ー の ormore edges のー，k工 1，2，… ofP( -t) 
iIi the iIiterval -Piく-t手-P汁 l' On the other the edge Bj (←Pi) is the 
limit of one edge Bj (一心 ofP( -s) in the interval -Pi-jく -s三五 山 (Fig.
Now， ifwe denote with i i the dihedral angle 
of th色合dgeβj( 心 1n -P色一1く -s手-Pi
with iム，k=1，2，・a・thecorresponding onεS of 
the 色dges β のー in -.0るく -t手-P什 1， it 
follows (Fig. 3) that r jニ i，十日2十….Hence we 
i_ "'. ij， have that tan 'rf >::8 t仰個 Bythe defin1tion ザ 2
of the tot昌1m伺 ncurvature Al※( -1) ([7J or [8])， 






On the oth邑rhand， it1s easily seen that 
lim M(-s)=lim M( め=M(-Pi)'lim S(-s)=lim S(ー の=S(-
->P i十 →Pi-U :;->Pi十，.令ri-O 
For the brevity， omiting the det昌ilsof the approximation of the品bover邑sultsto 
the case of the convex closed surfaces {K(← t)， ~'r三玉-t<O}， w巴 can ohtain 
TI五EOREl¥'I5. The total mean cztrvalztreλf町ーのそfthe interior tara!lel 
K(-t) ザ a closed conve:x SUlブミlCe K 泣ノith radius 1'(>0) ザ inscri・βed ・2
disconti・nuousat tle critical values -pi' i = 1， 2，…… bu初tε lh♂ suり匂ceaωre印α 一fの)and 
f品heμint均egrσal il.J町t一fの〉 ザ々f伊仰teaα仰ncωμ f 叫 f向ztr付rザ K(~，tの) aωre c印01ωzぴ的fρ1仇z仰Z似u仰仰01;仰ltJ' i1 
That iぬs，
THEOREM 6. It !lOlds that 
M ※一(-，0ρと。
The Itolds only )らrsuch a case as the Aケ i7zthe interva! I五=(-，0;，
-，0什 lJcontains 仰 faces 7l1hic!1 conver ge 10 an edge ザ the sょげ'aceI(' when t→内+0. 
Then we obtain the following theorem concerning the differentiability of the 
quantities from the above results and (24)，く25)，(26): 
THEOREM 7. r問 enthe whole tarallel sert図es{P(t); ← r5Jくoo}ザacρJZvex 
P 攻初伽lit品hl'仰αd必'jz，附4ωsrベ(>0的〉 ゲ々ft品A批ezn町scηl'円，マZ必be伽t釣dどds寸sh批er何ez心sa必念ぜどdわのIt品丘Ize泣宮utρiρ川n削町官幻五s1 aω仰nどdず Ir/， f品he
v比101
tot均α/ 毘押矧匁Ile卸仰a似仰n curv峨latαωfμdげreiI.fβ※(tめ〉 仰どd the .M(t) ゲ 抑 ean curvature of a1'e 
dz刀'erentiablein each suointerval Ii = ( -pi' Oltt M法(t)and iVI(t) are 
one-，dded diife1'entZ・aolec<! the c1'的 'calvalltes -Pi， 正二0，1，2，・ Thatis， we /zave 
S -'( -，oi) = 2il{丸(-Pi)ミム'(-，oi)二ーが，
M 桜J(←内)=記(-Pi-J > ilf* +'( -Pi) =疋(-pム (38)
.lI1_f( -，oi)コ戸(-Pi ピ(←れ)=f1(←，oi)' 
Paral!el series tρ 必ぜん<.retlt:alZJe;t; i:U1"Z-le allt.l SU1プ'aι:e
and t}le dtffermtiaが!ityof theI1-qumziities・
Next， in case of a closed convex surfac古 K and i t8interior parallel surfacゼ
23 
-1'<-/手0，i t is 四 syto see that the characceristic function再(←t)of Jむ( i3 
monotone ancl i tsd号rivative;:'(ーのおIlotalways z告roas vrell as in case of the interior 
parallel叩問問。fa closed convex curvιTherefor邑 theILterval -r三-1<0contai:Gs， il~ 
general， such an interval where !}u: are({， lze toia!ャ'ZCぷノzcurvature and tlze iltεgfGJ 
ゲ me似 c!tバtal:抑 'eare 仰 f‘子・ao!ebtt! are one-siム!eridzfiをrcntiab!e
over tlze subI1zterzJa!. And we car斗".i.say t出ha抗tr:万llBORJi.'il1~ "7 冷加ρ01(/んJ".f<ρor 刈 th品Aふ抑e2J.却仰1μterz0仰rp仰仰(αlr官官al.ゾ1ft:'どeタヂ
r似μωrfi升4α仇ueゲ aclOJω[()町出
7. Next， when the interior paraHel series of a c10s日dconv号xsurface K is formulatea. 
by the definition H'， the interior paral.el surface li了 of~K will not be convex， 
moreover not even a Here， the domain ← t) which is enclosed 
by the closed surface のー isdivicled inio a set of the subdomains Di( -t)， 
j=1，2，… wI1ich ar己 enclos記d sev日ralparts of re叩 ectivelyas before. When 
the index functioll of the point relative to the surface is defined 
as the degrεe of the continuous which is fonnulated as lo11ows仁[1J，[10J). 
First， taking the positively ori忠良tedunit ほ U in an auxiliary Euclidean 
3-space， 1et usむonsiderthat the closed surface K(ーの 18expr♀ss日d a r日presentation
K(--t) x= Y=Jv(p)， "~= tEU， 
where x(p)， Y(Jう)， ;;(p) are continuous functions on u. 
Here， let us assume that the corr合母ncebetween the points p of U and the 
points ("':， Y， 01 1ど〈←t)is biuniqu倍。 Letus denote by c=c (jう)and Co the vectors 
with components の ;;(p)and )10， ;;0 r記spectively.
Then， the formula 
c=co+ PEU， 
defines a continuous mapping from U onto a subset of the unit sphere with c邑nt閃
at 1;0 and the il1dex i(xu， Yo， or tて isd告盆nedas th配 degree of thi8 m呂pping
[1， 10J. Further we can define th巴 ind位。fthe domain Di(← t) relative to the 
oriented closed surfac邑 Th色n，defining the signed enclosed volume Vi( -/) 
of th色 sub凹dom呂inDi(ーの asbefore， weむand己負nethe signed enclos邑dvolum記v(← t)
of the interior parallel surface K( --t) by the formula 
V(ーの=2jvi(ーの (40) 
where the 呂田山nationis exten仇 d0'1告rthe whole s曲 -domainsDi(ーの，j= 1，2，-・.
Or in analogy v，ith the formula (19)， we may defin日 itby the formula 
V(ー かfrri(x，川川dz
where the triple integral 1S extended over the whole xyz-space. 
Fnrther， making adequate adjustm邑nton the d邑finitions of the surf呂cearea S(-t)。
the integral のー ofmean curvature of K( -t) in analogy with the case in E2' it 
is e品syto see that wεhave the formulas of the sign記dεn.closedvolume v(ーの， the 
signed surface area s(ーの andthe signed integral m( -t) of mean curvature of the 
interior parallel surface K(ーに)oI呂noriented closed convex surf呂ceK inー∞<-t<O





wher日叫ん m are the quantities of K. 
(41) 
For the br己vity，we omit the details concerning these formulas as are similar 
to the corresponding ones in E2・
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